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Abstract. Let D be a holomorphic differential operator acting on sections of 
a holomorphic vector bundle on an n-dimensional compact complex manifold. 
We prove a formula, conjectured by Feigin and Shoikhet, giving the Lefschetz 
number of D as the integral over the manifold of a differential form. The 
class of this differential form is obtained via formal differential geometry from 
the canonical generator of the Hochschild cohomology HH^" {'Dn,T>^) of the 
algebra of differential operators on a formal neighbourhood of a point. If D is 
the identity, the formula reduces to the Riemann-Roch-Hirzebruch formula. 

Resume. Soit D un operateur differentiel holomorphe operant sur les sec- 
tions d'un fibre vectoriel holomorphe sur une variete complexe de dimension 
n. Nous demontrons une formule, conjecturee par Feigin et Shoikhet, donnant 
le nombre de Lefschetz de D comme integrale d'une forme differentielle sur la 
variete. La classe de cette forme differentielle est obtenue, via la geometric 
differentielle formelle, du generateur canonique de la cohomologie de Hoch- 
schild HH^"^ {T>n, f,*) de I'algebre des operateurs differentiels sur un entourage 
formel d'un point. Si D est I'identite, la formule se reduit a la formule de 
Riemann— Roch— Hirzebruch. 
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1. Introduction 

Let E —> X he 'A holomorphic vector bundle of rank r on a compact connected 
complex manifold X of complex dimension n. Let De be the sheaf of holomorphic 
differential operators acting on sections of E. 

Global differential operators D e VEiX) = T{X,'De) act on the sheaf cohomol- 
ogy groups (X, E) of E and thus we have algebra homomorphisms 

W : Ve{X) End{H^{X,E)). 
1 
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Since the cohomology of E is finite dimensional, we can consider the Lefschetz 
number (or supertrace) L: —>■ C, 

n 

i?-Lp)=5](-f)Mi?^P))- 

If D = Id is the identity then L(Id) is the holomorphic Euler characteristic of E; 
it is given by the Riemann-Roch-Hirzebruch theorem as the integral over X of a 
characteristic class. Our aim is to generalize this formula to the case of a general 
differential operator D by writing the Lefschetz number as the integral over X of 
a differential form XoiD) whose value at a point x € X depends on finitely many 
derivatives of the coefficients of D at x. 

The formula for the differential form xo depends on the choice of a connection on 
the holomorphic vector bundles T^''^X and E and is similar to the formula written 
in [8] for the canonical trace of the quantum algebra of functions in deformation 
quantization of symplectic manifolds. Its ingredients are the Hochschild cocycle 
of [8] and formal differential geometry. Let I?n,r = Mr{'Dn) be the algebra of 
r by r matrices with coefficients in the algebra of formal differential operators 
Vn = C[[yi, . . . , yn]][9j,i , . . . , dy^]. By [7], the continuous Hochschild cohomology 
HH'iT>n,r,T^n^r) one-dimcusional, concentrated in degree 2n and is generated 
by a 2n-cocycle : 1?^/^^"^^^ C given in [5] by an explicit integral formula. 
Formal differential geometry, see 0], gives a realization of VEiX) as the algebra 
of horizontal sections for a flat connection V on the bundle of algebras Ve — 
JiE Xg Vn^r ^ X with fibre Vn^r- Here JiE ~> X denotes the extended frame 
bundle, whose fibre at x e X consists of pairs of bases, one of T^'^X and one of i?^; 
it is a principal bundle for the group G = GLn{C) x GLr{C). More generally, let JpE 
be the complex manifold of p-jets at of local bundle isomorphisms C" x C ^ E'. 
These manifolds come with holomorphic G-equi variant submersions Jp+i — > Jp 
with contractible fibres. The fiat connection depends on the choice (unique up to 
homotopy) of a G-equivariant section 0: JiE — s- JcoE — lim JpE. Such sections 
can be constructed out of connections on JiE. Upon local trivialization of JiE 
the flat connection has the form V(I?) = dD + [to,D] for some 1-form u on X 
with values in the first order differential operators in 2?„^r and the isomorphism 
VEiX) Keriy) sends D to its Taylor expansion D ^ (p^,D with respect to the 
local coordinates and trivialization of E given by cj). 

With these notations the formula for Xo(^) in terms of the horizontal section D 
associated with D is 

The multilinear form on Vn^r is extended to differential forms with values in Vn^r 
by linearity: if w = ^ LUjdxj in terms of local real coordinates a;j, = 1, . . . , 2n, 

XoiD) = T-J„(i), cjji , . . . , Uj^Jdx-i, A • • • A . 

The local objects D and u! depend on a choice of a local trivialization of JiE, but 
the differential form xo is globally defined as a consequence of the fact that is 
basic for the action of G. Our main result is 

Theorem 1.1. For any D e Ve{X), 
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Moreover, for the identity differential operator, it is known [7l[T7j tliat the class 
of xo(Id) is the component of degree 2n of the Hirzebruch class td(Tx)ch(_E) and 
thus we recover the Riemann-Roch-Hirzebruch theorem. Also, the direct calcu- 
lation of [8^ shows that Xo(Id) is the representative of the Hirzebruch class given 
by the Chern-Weil map in terms of the curvature of the connection on T^'^X © E 
canonically associated with 0. 

The proof of the theorem is obtained by showing that the linear functions Ti = L 
and T2 — xo on the Hochschild 0-th homology 

HHo{Ve{X)) = VEiX)/[VE{X),VE{X)] 

are proportional to a third linear function constructed essentially in [4ll21j: 
a global differential operator D e VEiX) defines a global 0-cycle in the com- 
plex of sheaves C,{'De) of Hochschild chains oi Ve, which is quasi-isomorphic to 
the complex of sheaves Cx[2n] of locally constant continuous functions concen- 
trated in degree -2n. Thus there is a map T3: HHo{Ve{X)) H°{X,Cx[2n]) = 
i/2"(x,C) ~ C. 

The statement of Theorem 11.11 was conjectured around 2001 by B. Feigin and 

B. Shoikhet. In the case of curves a formula for L{D) in terms of residues had 
been found by A. Beilinson and V. Schechtman (Lemma 2.2.3 in [T], see also [T9]). 
A formula for the normalized trace in deformation quantization of a symplectic 
manifold, analogous to the one of Theorem 11.11 was proposed in [8]. The proof of 
that formula is simpler since the space of traces is one-dimensional in that situation, 
so one just has to check the normalization. The difficulty here is that HH q{T> e{X)) 
is not one-dimensional in general. An indirect approach to proving that Ti = T3, 
proposed in [3], is to embed Ve^X) in a suitable complex of algebras with one- 
dimensional cohomology and show that both Ti and T3 extend to chain maps on 
this complex. If the Euler characteristic of E does not vanish one can then deduce 
from the classical Riemann-Roch-Hirzebruch theorem that Ti — C ■ for some 

C . The rigorous completion of this programme presents some technical difficulties 
but it should lead to a proof of Ti =T^\i E has non- vanishing Euler characteristic. 
In a very recent preprint [TB], A. Ramadoss shows that the approach of [6J could 
be extended to the much more general case where X admits a vector bundle with 
non- vanishing Euler characteristic. 

Our result gives in particular a different direct proof of the fact that Ti — T^, 
without assumptions on X or E. It does not use the Riemann-Roch-Hirzebruch 
theorem. 
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CT-2004-5652), and the Swiss National Science Foundation (grants 21-65213.01 
and 200020-105450). 
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discussions and suggestions. We thank the referee for carefully reading the manu- 
script and 
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2.1. Hochschild homology. Let A be an algebra over C with unit 1 and set 
A = A/ CI. We denote a the class in A oi a E A. The Hochschild homology 
HHt (A) of A with coefficients in the bimodule A is the homology of the (normalized) 

Hochschild chain complex • • • A Cq{A) Cq^iiA) A • • • with 

Cq{A) ^ A^A'^^, q>0, 

and differential 

9-1 

(1) b{ao,...,ag) = ^{-iy{aQ,...,ajaj+i,...,ag) 

+ {-iy{aqao,ai, . . . ,a,_i). 

Here oq, . . . , a, g A and we write (oq, . . . , a,) instead of oq (8) ai (8) • • • (E" flg- For 
topological algebras one has to take the projective tensor product, as explained in 
[5], Ch. H. 

Let On = C[[2/i, • • ■ , J/n]] be the algebra of formal powers series in n variables 
and Vn — On[dy-^, . . . ,dy^] the algebra of formal differential operators. Let also 
CP°i = C[yi,...,y„], VP°^ = OP°^[dy,,...,dyJ be the subalgebras of polynomial 
functions and differential operators. As shown by Feigin and Tsygan 7|, the Hoch- 
schild homology of 2?^°' is one-dimensional and concentrated in degree 2n. A repre- 
sentative of a generator of HH2n{'Dn) in the normalized Hochschild chain complex 
is 

C2n X! Sgn(7r) 1 (g) «)•••«) U^(2„), U2j-1 ^ dy^ , U2j ^ ■ 

Thus there is a unique linear form on Hochschild homology whose value on C2n is 
one. This linear form is the class of a cocyclc in the complex dual to the Hochschild 
complex. An explicit formula for such a cocycle r2„ was found in 8 . It has the 
following properties. 

(i) T2n extends to a linear form on 2?^(2n+i) Qj^gyjj-^g ^j^g cocycle condition 
T2n o b = 0, where b is the Hochschild differential, and the normalization 
condition: r2„(£'o, ■ • ■ , D2n) = if 1?^ = 1 for some j > 1. 

(ii) T2n is invariant under the action of G'L„(C) on I?„ by linear coordinate 
transformations. Moreover, if a = ^ ajkUkdy^ + 6, a^fc, 6 G C, then 

E'=l(-iy^2n(i?0, . . . , ^,-1, a, Dj, D2n-l) = 0. 

(in) r2„(c2„) = 1. 

More generally, let Mr{A) ~ Mr(C) (g) A denote the algebra of r by r matrices with 
entries in an associative algebra A. Since Hochschild homology is Morita invariant, 
HH,{Mr{T>n)) — HH,{T)n) is also one-dimensional and is spanned by C2n where 
we view I?„ as a subalgebra of Mr(I?„) via D ^ Id^ D. Define a cocycle T2„ by 

T^„(^0 (E) Do,...,A2n(E) D2n) = tr(^o • • • A2n)T2n{Do, D2n), 

Ai e Mr{C), Di e I?„. As a consequence of the properties of T2„, r2„ obeys: 

(i) '^2n is ^ linear form on Mr(I?„)®^^""'"^'' obeying the cocycle condition T2„ o 
6 = and r2„(-Do, . . . , D2n) ~ if, for some j > 1, Dj is the multiplication 
by a constant matrix. 

(ii) "^271 is invariant under the action of G = GL„(C) x GLr{C) where GL, (C) 
acts on Mr(T>n) by conjugation. Moreover, ii a = Y] ajkUkdy^ + 6, ajk € C, 
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b e Mr{C) then 

2n 

(iii) T2«(c2n) = r. 

Remark 2.1. For any associative algebra A denote by Aue the Lie algebra A with 
bracket [a, b] = ab — ba. Then Alic acts on Cp{A) via 

p 

La{ao, .. .,ap) = ^(ao, . . . , [a, flj], . . . ,ap), a G Aue 
j=o 

and we have a Cartan formula La = b o + o b with 

p 

Laiao, ...,ap)^ E(-l)^+^(ao, . . . ,aj_i,a, oj, . . . ,ap). 

It follows that ^Lie acts trivially on the cohomology. The property (ii) may be 
rephrased as saying that T2n is G-basic, namely G- invariant and obeying T2„ota = 0, 
for a in the Lie algebra of G embedded in T>n.r as a Lie algebra of first order 
operators. 

It also follows that the cohomology class of is invariant under coordinate 
transformations. 

2.2. Hochschild chain complex of the sheaf of differential operators. Let 

"De be the sheaf of differential operators on E. In terms of holomorphic coordinates 
and a local holomorphic trivialization of E, a local section of T>e has the form 

with holomorphic matrix- valued coefficients a/, vanishing except for finitely many 
niultiindices /. The sheaf Ve is a sheaf of locally convex algebras: for any open set 
U C X, the locally convex subalgebra 'De{U)-'^ of operators of order at most k is 
the space of sections of some vector bundle over U and has the topology of uniform 
convergence on compact subsets. Then the inductive limit VEiU) = UfcI?_B(C/)-'^ 
with the inductive limit topology is a complete locally convex algebra. This is the 
topology considered in [5]. Then one has the following result: 

Theorem 2.2. |¥ll21j Every point of X has a coordinate neighbourhood U such that 
HH p{'De{U)) = for p ^ 2n and HH2n(T^E{U)) is one- dimensional generated by 
the class of 

CE ; •^7t(1) 1 ■ ■ ■ ; •^7r(2n) ) 7 

where X2j~i — dzj,X2j — Zj . Here we identify x € T^{U) with the multiple of the 
identity Idr ® x & Mr ® T^{U) — T^EiU), with respect to some trivialization of E. 

2.3. Formal differential geometry. We recall some notions of formal differential 
geometry 9 11, following [3J . 

Let Wn = ®iOndy- be the Lie algebra of formal vector fields and gl^iOn) denote 
Mr (On) viewed as a Lie algebra, with commutator bracket. The Lie algebra Wn 
acts on glr{On) by derivations and we can thus define the semidirect product 
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This Lie algebra is embedded in Mr{'Dn) (viewed as Lie algebra with commutator 
bracket) as a Lie subalgebra of first order differential operators, ft should be re- 
garded as the Lie algebra of infinitesimal automorphisms of the trivial bundle of 
rank r over a formal neighbourhood of G C". 

A local parametrization of i? is a holomorphic bundle isomorphism U x ~^ E\v 
from the trivial bundle over some neighbourhood U C C" of to the restriction 
of E to some open set V. Let JpE be the complex manifold of p-jets at G C" 
of local parametrizations. In particular, JiE is the extended frame bundle, whose 
fibre at a; S X is the space of pairs of bases of the holomorphic tangent space at 
X and the fibre of at x respectively. The group G ~ GL„ {€.) x GLr{C) acts 
freely on the right on each JpE, p — 1,2, . . . by linear transformations of C" x C 
and JiE is a principal G-bundle over X. The complex manifolds JpE form a 
projective system with surjective G-equivariant submersions JpE —^ JqE, p > q. 
The projective limit JooE is, in the language of |_3J, a holomorphic principal Wn.r- 
space. Namely, there is a Lie algebra homomorphism Wn,r V{JooE) from Wn,r 
to the Lie algebra of holomorphic vector fields on JooE, which is an isomorphism 
Wn^r ~^ T^'^JooE at each point G JoqE. The inverse map defines a holomorphic 
one-form flue G ^^'^{JocE,Wn,r) with values in Wn,r and the homomorphism 
property is equivalent to the Maurer-Cartan equation 

Moreover, the fibres of the bundle J^oE/G — > JiE/G = X are contractible and 
therefore there exists a smooth section (unique up to homotopy) (f) : X ^ JaoE/G 
or, equivalently, a smooth G-equivariant section <j) ■ JiE — > JooE. The Maurer- 
Cartan form Omc pulls back to a G-equivariant 1-form </i*r2MC on JiE obeying the 
Maurer-Cartan equation. This induces a flat connection on the associated bundle 

Ve^ JiExcMriV,,)^ X. 

The horizontal sections are in one-to-one correspondence with global differential 
operators: to D € 2?£;(X) there corresponds the horizontal section D. Its value at 
X & X \s the Taylor expansion at of I? with respect to the coordinates and the 
trivialization defined by 4> at the point x. Conversely, every horizontal section comes 
from a differential operator. In explicit terms, let us choose a local trivialization 
oi JiE ^ U X G over U C X. Then the restriction of to J7 is given by a map 
(fP : U ^ JooE\-u and lu — (/i*f2MC is a W„,r-valued 1-form on U. The Taylor 
expansion D is given on J7 by a map U Mr{'Dn), x i-^ obeying 

df) + [oj, i)] = 0. 

A change of trivialization is given by a gauge transformation g: U G. The 
section changes as Dx l—^ ■ Dx and uj as uj ^ g ■ uj — dgg^^ and dgg^^ is a 1-form 
with values in the Lie algebra of G, embedded in Mr{'Dn) as the Lie algebra of first 
order operators of the form ^ o^jkUk-^ + b, ajk G C, 6 S Mr(C). 

Proposition 2.3. Let fl* be the complex of sheaves of complex-valued smooth dif- 
ferential forms on X with de Rham differential and let C{'De) he the complex of 
sheaves of Hochschild chains ofT^E- There is a homomorphism of complexes of 
sheaves 

X.:C.{VE)^n^''-', 
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depending on a choice of section of JooE /G X , inducing an isomorphism of 
the cohomology sheaves. The map xo'- T^e{X) —> on global differential 

operators is the map appearing in Theorem \1.1\ and X2n maps {Dq, . . . , D2n) G 
C2n{U) to the function T2„(I?0j ■ • • i ^2n) on the open set U . 

The rest of this section is dedicated to the construction of x» ^nd the proof of 
Proposition 12.31 

2.4. Shift by a Maurer— Cartan element. We start by a general construction 
on the chain complex of an arbitrary differential graded algebra. Let A = (Bj^zA^ 
be a differential graded algebra with unit and with differential d: A-' — > A^^^ . We 
denote by \a\ = j the degree of a homogeneous element a e A^ . The Hochschild 
chain complex of A is C'{A) = ©pgzC^C^) with 

CP {A) ^ Il^j^_y^pA^'> «) A^'i «) • • • «) A'". 

The differential of the Hochschild complex is defined as the total differential S = 
b+{-l)Pd on CP(A)Q The Hochschild differential b is defined as in (P) except that 
the last term has an additional sign (— l)l'^pl(l''ol"* ^kp-il) and the differential d is 
extended as a derivation of degree f for the tensor product: 

p 

d(ao, . . . , ap) = ^(-f (ao, ■ ■ • , da„ Op). 

j=o 

A Maurer- Cartan element of A is an element uj £ A^ oi degree f obeying the 
Maurer-Cartan equation 

duj +1^"^ = Q 

The Maurer-Cartan equation implies that the linear endomorphism d^ of A given 
by d^a = da + ma— (— l)l°law is a differential. Moreover duj is a derivation of degree 
1 of the algebra A and therefore the algebra A with differential duj is a differential 
graded algebra. We call this differential graded algebra the twist of yl by and 
denote it A^. 

The symmetric group Sp acts on A^ A^ by permutations of the last p factors 
with signs: the transposition of neighbouring factors a and b is accompanied by 
the sign Recah that the shuffle product Cp{A) (g) Cq{A) Cp+q{A) is 

defined by 

(ao,...,ap) X {bo,...,bq) = (-f ^ l''^lshp,,(ao6o, Oi, . . . , ap, 6i, . . . , 6,), 

where shp ^x — X^ttgS sgn(7r)7r • x, with sum over (p, g)-shuSles in S'p+g, namely 
over the permutations that preserve the ordering of the first p and of the last q 
letters. The shuffle product is associative and if A is Abelian (which we do not 
assume) it is a homomorphism of complexes, see [15|lf 6j. 

Proposition 2.4. Let A^^ be the twist of A by a Maurer-Cartan element u A^ . 
Let {uj)k = (1, . . . , w) with k factors of to. Then the map 

(oo, . . . , Op) ^ ^(-f )''(ao, . . . , ap) X {uj)k 

k>0 

is an isomorphism of complexes C{Ai^) —>■ C{A). 



We introduce the upper index notation C to have a differential of degree one as d is. Thus 
in the ungraded case we have C(j4) = C—q{A), concentrated in negative degrees. 
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We split the proof into a few steps. 
Lemma 2.5. b{u!)o = and, for k > 1, b{uj)k ~ d{uj)k-i- 
Proof. The first statement is obvious. Let A: > 1. Then 
b{u!)k = 5(1,LJ, . . . ,0;) 

fc-i 

+ (-l)\-l)>^-\u;,...,iv) 

k-l 

= -^(-lF(l,c^,...,dc.,...,c.) 

j=l 

= d{uj)k-i. 

□ 

Lemma 2.6. Let a € CP{A).Then 
b{ax {uj)k) = bax {uj)k + (-l)^a x b{uj)k 

k=Q 

where [a, a'] — aa' — (— la'a is t/ie graded commutator. 

Proof. For simphcity, we give the proof in the case where aU aj are of degree 0, 
which is the case appearing in our apphcation. The additional signs appearing in 
the general case can be treated easily. 

If we write out the sum over shuffles we see that there are four types of terms 
appearing on the left-hand side: those containing the products aja^+i, w^, uaj and 
ajU!. The terms of the first and of the second type combine to give the first two terms 
on the right-hand side. The proof that the signs match is the same as in the proof of 
the homomorphism property for commutative algebras, see [15] . Proposition 4.2.2, 
so we consider only the last two types. Consider a shuffle tt appearing on the left- 
hand side such that I out of the k factors oj have been shuffled to the left of aj. 
Then the term containing the product cuaj comes with a sign sgn(7r)(— 1)^^^+'. The 
same term occurs for a shuffle tt' in (oq, . . . , [w, Oj], . . . , Op) x with a sign 

equal to sgn(7r')(— where (—1)'"^ is the Koszul sign coming from the fact 
that I — 1 factors cu are permuted by tt' to the left of the odd element [i^jOj]. The 
signs of the shuffles are related by sgn(7r) = sgn(7r')(— 1)^^-'+^. The ratio of signs 
is thus (— as claimed. The same reasoning can be applied to Ojuj. □ 

Lemma 2.7. Let a £ C'{A) and set SuiO = ba + {—l)Pduja. Then 

J^(-l)'=a X = ^(-l)'=J^a X 

fe>0 k>0 

Proof. This follows from the previous Lemma by inserting the definitions and sum- 
ming over k. □ 

Lemma 2.8. The map C{A^) — > C{A) of Proposition \2^\ is an isomorphism. 
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Proof. The map is the shuffle muhipHcation by -0 = We claim that 

the inverse map is the shuffle multiphcation by ip = '^i^)k- To prove this, we use 
that the shuffle product is associative, so that it suffices to show that tp x ^ = 1. 
This follows from 

{uj)k X {uj)i = {Uj)k+l = ( j {uj)k+l. 

□ 

Proposition 12.41 follows from the last two Lemmata. 

2.5. Hochschild and de Rham cohomology. We construct a homomorphism 
of complexes of sheaves 

from the Hochschild chain complex of the sheaf Ve to the sheaf of smooth de 
Rham forms. It is based on formal geometry and thus depends on a choice of 
section of JocE/G (but the map induced on homology is canonical). The map 
Xq- T^e{X) ri^"'{X) on global differential operators is the one appearing in 
Theorem [TTl 

To do this we apply the previous constructions to the smooth de Rham complex 
A = fl{U, Ve) with values in the vector bundle Ve on some open subset U C X. Let 
D £ A'^ denote the horizontal section corresponding to a differential operator D € 
Ve{U). Locally, upon trivialization of T^^'^X and E, the condition of horizontality 
is dD + [uj, D] — for some Maurer-Cartan element cu. 

Proposition 2.9. Let U be a sufficiently small open neighbourhood of any point in 
X . Let Dq, . . . , Dp e Ve{U) be differential operators on U and Dq, . . . , Dp € A'^ be 
the corresponding horizontal sections ofVs on U . Then the differential {2n^p)- 
forms on U 

(2) Xp{E>o, ■■■,Dp) = {shp^2n-p{Do,Di, ...,Dp,uj,...,uj)j, 

are well-defined (i.e., independent of the trivialization of JiE), continuous, and 
obey the relations 

Proof. If we change trivialization of the extended frame bundle JiE, then D, lu 
change by the action of an element of G, under which is invariant, and the shift 
of w by a one-form with values in the Lie algebra of G embedded in A. By property 
(ii) of T2„, see 12.11 the right-hand side of ^ is unaffected by such a shift. The 
continuity is clear: since depends non-trivially only on finitely many Taylor 
coefficients of its arguments, the C^-norms on compact subsets of Xp{E)o, • ■ ■ ,Dp) 
are estimated by G^ -norms of the coefficients of Dq, . . . , Dp which by analyticity 
are in turn controlled by sup norms on (slightly larger) compact subsets. 
In the notation of Proposition 12. 4( 

Xp(£»o, ...,Dp) = T2„ ({Dq, ...,Dp)x (w)2„-p ) . 
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Figure 1 . The Hochschild-Cech double complex 



The cochain a — (Z)o, • ■ ■ , -Dp) obeys dui{a) — 0, thus the homomorphism property 
of Proposition reduces to 

(5^(-l)'=ax (cj)fc = ^(~l)'=6a X (w)^, S^b±d. 

k>0 k>Q 

The component of Hochschild degree 2n is 

{-If-^bia X (co)2„-p+i) + i-in^lfdia X {Lj)2n~p) - (-If-i&a x (co)2„-p+i. 
If we apply the first term vanishes and we obtain the claim. □ 

Since the expression on the right-hand side of ([2]) are local, it is clear that Xp 
are compatible with the inclusion of open sets and thus define maps of sheaves. 
Moreover, by the normalization of T2„, we see that X2n{cE{U)) = r, where ce{U) is 
the generator of Theorem 12. 21 Thus x» induces a non-trivial map on homology. By 
Theorem 12.21 this map is an isomorphism. This concludes the proof of Proposition 
1231 

3. The third trace 

The idea of the proof of Theorem 11.11 is to show that the two traces Ti{D) = 
L{D) = Y.{-^y^^{H^{D)) and T2{D) = Xo{D) are both proportional to a third 
linear form T3 : C constructed via Theorem 12.21 with the help of a finite 

open cover U = (Ua)- 

Consider the Hochschild complex of sheaves C,{'De)- 

^Ve^Ve^Ve^Ve^Ve-^Ve^^) 

Let U = [Ua) be a sufHciently fine open cover of X. Let C^'i = C'^{U,C^p{Ve)), 
{q>0,P< 0), where C'>{U,T) = ®ao< -<ap-^(t^ao n • • • n C/„J be the Hochschild- 
Cech double complex. Global differential operators D g define cocycles in 
(7"'°. The restriction D\u^ of £> to a sufficiently small open set is a Hochschild 

boundary by TheoremO Thus D\ij^ = bo'i^ for some D^^) e C~^'° . Since 6 and 
the Cech differential commute, {5D^^'^)ai3 — D^^^ — Da^ is a Hochschild cycle for 
the algebra VEiUa H Ufj) and is thus exact. Continuing in this way we can "climb 
the staircase" , see Fig. [H and find £ C~-''^"^, j — I, . . . , 2n, such that 

(3) bD^^^^D, 5D^'^ ^hD^^+^\ j = l,...,2n- 1. 
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Finally we get to the point where the Hochschild homology is nontrivial and we 
obtain 

(4) ^ 5 + &7:>(2»+i), 

where s £ (j'^n,-2n ^j^^ form 

(5) ^Q0,---,CK2ti -^ao,. ...0:271 

for some Cech cocycle X{D) e C'^^{U,€.) with values in the locally constant sheaf 
Cx- Its class [X{D)] e H^"{X,C) ~ C is (up to sign) T^iD). 

4. The first trace is proportional to the third. . . 

Here we study the first trace Ti = L and describe it in terms of local Cech data. 
Let {V,'-^''\X, E),d) be the Dolbcault complex with values in the holomorphic 
vector bundle E. We fix hermitian metrics on Tx and on E. These metrics induce 
an inner product ( , ) on the Dolbeault complex and a self-adjoint positive 
semidefinite Laplace operator Ag = dd* + d*d, with discrete spectrum. By Hodge 
theory, the cohomology group {X, E) is isomorphic to the space of harmonic 
forms Ker(Ag). Moreover we have the following standard fact. 

Proposition 4.1. For any D e I)e{X) andt > 0, De^^^s is a trace class operator 
on the Hilbert space of square integrable Dolbeault forms. The expression 

n 

Y^i-iytraio.^xMDe-'^') 
is independent oft and is equal to Ti{D) = L{D). 

Proof. We refer, e.g., to [2] for the trace class property. The independence of t is 
checked by differentiation: 

J^^^nio.Kx.E){De~'''^) - -ir^io..^x.E){De-'''^{dd* + d*B)) 
= -i^nio.Hx.E)i^e-'^sQd*) _ tr,,^o.,-,j^x,E)idDe-'^sd*) 
= -trn(o.,(x,ij)pe-*^saa*) - tr,,^„.,-r,^x,E)iDe-'^sdB*). 

Here we use the fact that d commutes both with D (since D is holomorphic) and 
with the Laplacian. Taking the sum with alternating signs yields the claim. 

Thus we can evaluate the sum in the limit t oo. Since is an isolated 
eigenvalue of the positive semidefinite operator Ag we obtain the alternating sum 
of traces on harmonic forms, namely L{D). □ 

4.1. The CT-cocycle. We introduce our main technical tool, a cocycle in a double 
complex associated to an open set U . Here we describe its properties and postpone 
its construction by heat kernel methods to Section [6l 

Let [/ be a sufficiently small open neighbourhood of an arbitrary point in X. 
Let A ^ VEiU) and let B = C°°{U) be the algebra of smooth complex valued 
functions on U. Consider further Cp{A) = A'^p with Hochschild differential b 
of degree —1 and Cp{B) = B ® B^p with differential s of degree +1 given by 

s{po (8) ■ • • Pp) = 1 (8) po ^ ■ • • ^ Pp- 
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Let Cp{B) be the subcomplex spanned by (pa, . . . , pp) with compact common sup- 
port nisupp(pi). Let us denote by [/(i)]- a-Nt^^ + • • ■ + a-it^^ + gq the 
non-positive part of an asymptotic Laurent series f{t) ^ X]j>-Ar ™ ^■ 

Proposition 4.2. Let U C X be an open set. Let A = T>e{U), B = C°^'{U). For 
each choice of hermitian metrics on Tx and E there exist linear maps 

Op- Cp{A)®Cl{B)^^:{t-\ 

such that the coefficients ofap{D(), . . . Dp; po, . . . , pp) are continuous in (Dq, . . . , Dp) 
and 

(i) Let Cp{B) is the subcomplex spanned by (po, ■ • ■ , Pp) with empty common 
support f^i^QSupp{pi) . Then Op vanishes on Cp{A) ® Cp (B). 

(ii) For any D G Cp+i{A) and p € C^{B), 

ap{bD ® p) = ap+i{D ® sp), P > 0, 

(iii) ao(i?,p)- [E;=o(-lpt'-o(o,.)(a,i=;)(p^e-*^o)]_, (n-dimc(X)). 

(iv) Suppose that U is some coordinate neighbourhood of a point and let ce{U) 



be the cocycle appearing in Theorem \2.SX Assume further that po, . . . , p2n & 
C^{U) are functions such that the metrics on Tx and E are fiat on some 
neighbourhood o/ nf"QSupp(pi). Then 



0-2nicEiU); Pa, . . . , P2n) = / Podpi ■ ■ ■ dp2n, 

[Zm) jjj 

where r is the rank of E. 

The proof is contained in Section [6l We first show how to use it to prove that 
Ti is proportional to T3 . 

4.2. A local formula for the Lefschetz number. Here it is useful to replace the 
open cover considered in Section [3] by a refinement obtained from a triangulation 
of X. Then the Hochschild-Cech cochains (D^-')), constructed in Section [3] out 
of a global differential operator D, define cochains, still denoted by {D^^^^) for the 
refinement. Choose a smooth finite triangulation \K\ — > X of X, with underlying 
simplicial complex K , with fixed total ordering of its vertices. The open star of the 
triangulation is the open cover U = {Ua)a&Ka of X labeled by the set of vertices of 
the triangulation, such that Ua is the complement of the simplices not containing 
a. By construction, for all ao < • • • < ctp, 

(a) Uao n • • • n is empty or contractible 

(b) li p> 2n then Uaa n • • • n Ua^ is empty. 

Lemma 4.3. Let {pa) be a partition of unity subordinate to the open covering {Ua)- 
Let D eVE{X) ands e C'2"(Z^,C2„(I?is)) be the cocycle (P. Then 

2n 



]{~l)nT{HP{D)) = '^2„(s„o,...,a.„;Pao,...,o.J. 

Here we use the abbreviation 



p—O ao<---<a2Ti 



Pao,...,a, = sgn(7r)p„^,,) • • • (g) 
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Proof. Out of D we construct the cochains D^J'> obeying ([3|). 

n 

T,{D) = E(-l)'[tro(o.'(x,ij)pe-*^«)]_ 

n 

a j=Q 
a 

Now Da — bDa^ and Proposition [4]2] (ii) implies 
T,{D) = ^(7i(i5W;l,p„) 

a 

= ai{D^^^ ; pf3, Pa) + Yai{D^p^ ] pf3, pp) 

In the last step we have replaced the last occurrence of p/3 by — X^a^i^/S raod CI. 
We see that {5D^-^'>)p,a appears. Thus we can iterate the procedure. At the g-th 
step we obtain similarly for q < 2n, 

ao<-<a^ ao<---<aq 

ao<-<Qg 

E ^-3+l('^^ao!.S,+i;/'"o,...,«,+ l) 
ao<---<ag+l 

If g = 2n we have an additional term containing s and we obtain 

aO<'"<Ct2n 

,Q2ti+1 ' /^'^0 7---iCt2Ti + l)' 

QO<---<Q27i + l 

Since there are no non-empty (2n-|-2)-fold intersections, (/Cqq, . . . ,P2n+i) belongs 
to C^{B) and therefore, by Proposition [121 (i)) the second term vanishes. □ 

Let us now choose the hermitian metrics so that they are flat on the disjoint 
closed sets n|"QSupp(pc(.), ao < ••• < a2n- By Proposition 14.21 (iv), we then 
obtain 

2n 

^ (2n+ 1)! ^^'^.-^ V Xao,...,a2,AD) Paodpai---dpa2^. 

^ > ao< - <ct2„ •' ^ 
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Now the common support of the functions Pq. in each summand is contained in a 
simplex CTa(,,...,a2„- Moreover each of the functions vanishes on the corresponding 
face and X)i=o /^"i = 1 on some neighbourhood of the simplex. Therefore the 
integral may be evaluated as follows. 

Lemma 4.4. Let Hp E Rp^^ be the hyperplane X^iLo^'' ~ ^ '^'^'^ ~ ^ 
[0, 1]P^"^ the standard simplex, with (standard) orientation given by the ordered basis 
, . . . , dt^ . Let pq, . . . , pp be smooth functions defined on some open neighbourhood 
U C Hp of Ap such that po + ■ ■ ■ + pp = 1 and Pi(t) = if ti < 0. Then 

^^Podp.---dp,^j^. 

Proof. We prove by induction in p the more general formula 

A;' 

p'^dpi ■ ■ ■ dpp = A: = 0,1,2,... 

This formula trivially holds for p — 0. By the Stokes theorem, 
/ Podpi ■ --dpp = Podpi ■ ■ ■ dpp-idpo 

JAp J Ap 



(-If^ d{pt^'dp^---dpp.,) 

i-^fT^ I Pl'-'dp,---dpp^, 



Since pj vanishes on the jth face of Ap, only the pih face (where tp = 0) contributes. 
This face is Ap_i and the restriction of po, • • ■ , Pp-i obey the assumptions of the 
lemma. Taking into account the sign (—1)^ relating the orientation of Ap_i to the 
induced orientation, we obtain 

/ p'^dpi ■■■dpp = I Po'^^dpi ■ ■ ■ dpp^i, 

proving the induction step. □ 

Corollary 4.5. Let e{ao, . . . , a2n) G 1} be the orientation of the simplex 

f ao,...,Q!2,i relative to the canonical orientation of X . Then 

Ti{D) = Aao,...,a2„(-D)e(ao, ■ • ■ ,a2n) 

ao<---<Q2n 

5. . . . AND SO IS THE SECOND 

Let T2{D) = J-^ Xo{D) be the second trace. Let C be the cell decomposition of 
X dual to the triangulation of subsection l4.2l Its cells are in one-to-one correspon- 
dence with the simplices of the triangulation. We denote Cao,...,ap the (2n — p)-cell 
corresponding to the simplex aao,...,ap with vertices ao, . . . , ap. We orient the dual 
cells by the condition that Cao,...,ap • o'ag^,,,^ap = 1 on the intersection index (see 
Appendix |^ . 

Proposition 5.1. Let s — s{D) be the cocycle (O. Then 

T2{D) = X! / X2n(Sao,...,a2„)> 
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where X2n is defined in Proposition \2. 9\ for the open set Ucg H • • • n Ua^n- 
Proof. We first prove by induction that for all p = 0, . . . , 2n — 1, 

(6) W)^ j XpibDi^ot'U), 

and then deduce the claim by doing a further induction step. For p — eq. ^ 
follows from 

and D\jj^ — bDa \ Assume that the claim is proved up to some p < 2n ~ I. Then, 
by Proposition l2 . 31 and the Stokes theorem (the signs are discussed in the appendix, 
see (US])), we get 



T2{D) = E / Xp(&^it'.',«J 

/3,Q0<---<Qp "'C0.ao.---.°P 



ao,...,ap^i ) 

Co 



Qo<---<Q!p+l ' 

Since (5D(p+^) = if p < 2n — 1 the induction step is complete. 

Now we do this step once more for p ^ 2n — \. The calculation is the same but 
the conclusion is different since (5Z?(^") = s + 6Z?(^"+^). We obtain 

T2{D)^ E / X2„((s + 6i?(^"+i))„o,...,..J. 

-„.^ JCian ai^) 



CK0<'-'<CK2ti 



Moreover, X2n coincides with T2„ composed with the Taylor expansion and thus is 
a cocycle, i.e., it vanishes on exact chains such as bD^'^'"^^\ 

The integral over the 0-dimensional cycle Cao,...,a2n is the evaluation of the 
integrand times the sign of the orientation, that is the sign e(ao, . . . ,Q;2n) of the 
orientation of (Jao,...,a2rL relative to the orientation of X. □ 



Corollary 5.2. 



{D)e{ao, . . .,a2r, 



Q:o<'"<CK2ti 



5.1. Proof of Theorem [Ell Recall that Ti(D) = L{D) and that T2{p) = 
JxXo{D). Theoreni ll.il follows from Corollarv l4.5l and Corollarv l5.2l The missing 
step is the proof of Proposition 14.21 which appears in the next section. 



6. Asymptotic topological quantum mechanics 



In this section we prove Proposition 14.21 and give in particular the construction 
of Up. Roughly speaking, ap is the cup product of a cochain VP, constructed using 
topological quantum mechanics and a cochain Z taking care of the partition of 
unity. The formula for \1/ is a version of the JLO cocycle [12] and is a regularized 
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version of a cocycle appearing in "topological quantum mechanics" OlM]. It is 
constructed with heat kernel methods. Here we need only the asymptotic behaviour 
of these objects as time (or inverse temperature |12) ) tends to zero, which allows 
us to replace the heat kernel by a better behaved parametrix with support in a 
neighbourhood of the diagonal. 

We work in the context of Section |4] and fix in particular hermitian metrics on 
the holomorphic vector bundles T^'°X and E. 

6.1. A parametrix for the heat equation. We summarize here what we need 
about the heat kernel and refer to [2] for more details and proofs. The heat operator 
e~*^s is an integral operator with kernel kt e ®pT{X x X,E°'P M {E^'P)*), where 
E°'P = hP{T^-^X)* ® E: for any smooth section 4> G n°^*{X, E), 

e-*^S(l){z)^ [ kt{z,z') ■ (l){z')\dz'\, t>0, 
Jx 

is the solution of the heat equation dtu + Agu = with initial data </>. Here \dz'\ 
denotes the Riemannian volume form. Let (i(z, z') denote the geodesic distance 
between z, z' G X . Then the heat kernel has an asymptotic expansion as i ^ 0, 

(7) fct(z, z') ^ ^^e-"-^ ($0(2, z') + t$i(z, 2') + e^2{z. + • • • ) • 

The smooth kernels $^(2:, 2;') can be chosen to vanish except on an arbitrary small 
neighbourhood d(z, z') < e of the diagonal. The precise meaning of the expansion 
is that if is the truncation of the series at the A^th term and || • jj^ denotes the 
C^-norm on sections of the hermitian bundle E'^'P H on X x X, then for all 

^liiOL > and N sufficiently large, depending on £,j,a, 

(8) wdiih - fcf )ik = oin, im + As)knu = oin. 

Also, with the same hypotheses, for any smooth section </>, 

(9) lim -011,-0, 

where denotes the integral operator with kernel k^ . 

6.2. Hochschild cohomology. Let A be an associative algebra with unit and let 
{M — ©M^ , (Im) be a complex of v4-bimodules such that = for all but finitely 
many j. Recall that the Hochschild cochain complex C'{A,M) with values in M 
is the total complex of the double complex 

CP^'^iA, M) = Hom(A^P, M9) 

and differential 5 = dn + (-l)PrfM : C^'^ ^ Cp+1'« Cp^i+^ with 

dHV{ai, ■ ■ ■ ,ap+i) = ai<)f(a2, . . . ,ap+i) 

p 

+ ^(-l)V(ai, . . . ,a;a;+i, . . . ,ap+i) 

+ (-l)^'+V(aij ■ • • : ap)ap+i- 

The complex of A-bimodules dual to M is {M* = ®{M*y ^du' ) with {M*y = 
(M"-')*, dM'^ = (— l)-'<y9o dM for if e {M^Y and action of A defined by a ■ ip{x) — 
(p{xa),tp ■ a{x) = (p{ax),a G A,x G M. With these definitions, C'{A,A*) is the 
complex dual to the Hochschild chain complex C, {A) . 
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With any homomorphism • : Afi (^a M2 A/3 of complexes of A-bimodules 
is associated a chain map, the cup product U: C'P'«(A,Mi) (g) CP {A, M2) 
CP+i'P'+i'{A,M3), 

tp U ip{ai, Qp+q) = {-lyP (p{ai, . . . , ap) • ■0(ap+i, • ■ • , Op+g)- 

We will use this construction in two special cases: (a) Mi = M2 = M3 = Af is a 
differential graded algebra whose product factors through M M defining thus 
a map • : Af (g)^ M ^ M. (b) Mi = A/ is a complex of A-bimodules, Ah = M*, 
M3 = A* with zero differential and • : M* ^a Af — > ^* is the map {(p, x) {y t-^ 
ifixy)). 

6.3. A JLO-type cocycle in the Hochschild Dolbeault double complex. 

Let U be an open subset of X and A ~ VEiU) he the algebra of differential opera- 
tors on the restriction of to U. The Dolbeault complex {Mc{U) = ^c'* i^)^Ox{u) 
VEiU), 9(8) id) with compact support and values in Ve is a locally convex differen- 
tial graded algebra and an A-bimodule. In local coordinates it is the graded algebra 
generated by Mr{C^ (U)) of degree 0, dzi of degree 1 and 9z. of degree zero. The 
algebra Mc{U) is the inductive limit over j and K of the locally convex subalgebras 
Mk,] of operators of order at most j and with support on a compact subset K G U. 
The space Mkj is the space of sections x — > of some vector bundle on U with 
support in K, and has the topology defined by the system of seminorms given by 
the C^-norms, for all £. 

Proposition 6.1. Let U C X be an open subset, A = and Mc — Mc{U) 

be the Dolbeault complex with values in A and compact support. Let be a 
parametrix, with support in some small neighbourhood of the diagonal, obtained 
by truncating the formal series ([7|) at the N-th term. Suppose that Dq € MP , 
Di, . . . , Dp G A. Then, for any sufficiently large N , 



*p(L>o,...,£'p 



, p(p+i) 
= (-1) ' 



[ Str(I?o<[a*, • • • [d*,Dp]K^^)dsi ---dsp 



where Str denotes the alternating sum of traces over the Hilbert space of square 
integrable sections of A{T'^'^U)* E\ij , is independent of N for large N and defines 
a continuous cocycle 

* = ^ e ©;j^oHom(AfP (g) A'^P, C)[i-i] ~ C°{A, M*)[t-'^]. 
p 

Proof The ahernating trace StT{DoK^^[d* , Di]K^^ ■ ■ ■ [d*,Dp]K^J is the integral 
J-^ ap\dx\ of some function ap G C°°{X x Ap) with support in some neighbourhood 
of the support of Dq. This function has the form 



^pix,s) = str DoYlid* , Dj]k^^{xj , Xj+i) Y[ M^^jl, 
•^^^ \ j=o J J=l 



XO = Xp+l 



where the differential operators [d*,Dj] act with derivatives with respect to Xj 
(the product is the composition of linear maps in the conventional order). The 
supertrace str is the alternating sum of traces over the fibres /\^T^'^X* (g) Ex at 
X £ U. The integral is actually over a small neighbourhood of {x, . . . ,x) £ XP. 
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Since k^{z,z') is a smooth kernel, ap{x,s) is smooth for s in the interior of the 
simplex tAp. It is also continuous on its boundary for any fixed t, uniformly in x, 
as can be seen using By rescaling s = ts' we see that /^^ ap(x, s)Y\dsi has 
an asymptotic expansion as a Laurent series in t whose singular part is not affected 
by corrections of order s^+^ to for large enough A^. Thus the expression for "^p 
is independent of N for N large enough. For further details see appendix [Bl 

The proof of the cocycle relation is similar to the proof in [T^] • The Hochschild 
differential dn'^p can be written as the alternating sum of integrals of a differential 
form on X X tdiAp^i, where diAp^i is the i-th face Si = of the simplex Ap+i. 
Using the Stokes theorem and heat equation for k^. (which holds up to terms we 
can neglect by ([8])) to compute the differential with respect to s we obtain 

"fpiDoDi, Dp+i) - ^piDo, Dp+i) + ■■■ 

+ (-l)f+i*p(Z?p+iZ?o, . . . , ^p) - "fp+iiid, Do], . . . , Dp+,), 
which is the claim. □ 

6.4. Construction of cTp. Let now po,...,pp G C°°{U). View C°°{U) as a 
subalgebra of M = n°'*{U) <S>Ox(u) T^e[U) embedded as C°°(f7) ® id. Since 
C^{A,M) = M, we may consider pi as a 0-cochain and define 

ZP(po, . . . , Pp) = po U <5pi U • • • U (5pp e CP{A, M), 

where the cup product is defined using the product M M ^ M . Clearly 

(10) 5ZP{po,...,Pp) = ZP+\\,po,...,Pp). 

If nisupp(pi) is compact, then ZP{po, . . . , pp) takes values in differential operators 
with compact support and therefore is a cochain in Cp(A, Mc). 

Let U : C*{A, M*)i^C*{A, Mc) C*(A, A*) be the cup product associated with 
the map M* ®a Mc A* sending (p (g) x to the linear form a tp{xa). We set 

apipo, . . . , Pp) = * U ZP{po, . . . , Pp) € CP{A, A*)[r']. 

6.5. Proof of Proposition l4.2l Claim (ii) follows from the fact that is a cocycle 
and eq. (jlOp . To prove the remaining claims let us write Up more explicitly: 

(11) (Tp(L'o, • ■ ■ ,-Dp;po, . . . ,pp) 

p 

= ^(-l)^^P^^^«',(Z^_,(i?,+i, ...,Dp;po,..., Pp)Do, . . . , D,). 
3=0 

The component Z^_j in Rom{A'^P-^ , Ml) of ZP is given by 

ZP_^{Dj+i,...,Dp;po,...,Pp)^ sgn(7r)poB^(i) (pi) •• •B^(p)(pp), 

where B.^ip) = [Dj+i,p] for z = 1, . . . and Bi{p) = [d,p] fori = p-j + l, . . . ,p. 

From these expressions it is clear that (i) and (iii) hold. For (iii) see also Appendix 
IbI Remark [6.2 1 Let us turn to (iv). We need to evaluate a2n{cE{U); po, . . . , P2n)- 
By multiplying po by a partition of unity we may assume that the support of po is 
contained in a small coordinate neighbourhood of a point. We have to compute a 
sum of (2n)! terms of the form (fTTj) where Dq — 1 and the remaining Dj. are partial 
derivatives d^^ or operators of multiplication by z^. The arguments D^. occurring 
in Z'^_^ appear in the combination [IJ/cjP/] which vanishes if Dy^ ~ Zi. Therefore 
the only non- vanishing terms in the sum pT|) have j > n and 1, . . . , D2n are all 
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derivatives dz^ ■ On the other hand, if j > n then ^In- j vanishes since a product of 
more than n (0, l)-forms is zero. Thus only the term with j ^ n survives and we 
have (setting di = dz^ ) 

Z„ (dji , . . . , di„ ; po, . . . , P2n) = Pot: ^ — opn+i ■ ■ ■ op2n H 

where the dots denote the remaining shuffles. Therefore 
(12) 

CT2n{cE{U);P0, . . . , P2n) = (- + (_ 1)" ^ Sgn(^)vI/„ (B, . . . , Z,(„)), 



S= ^ sgn(.)po^---^^^---^^d.iA...Adz„. 



where B is the multiphcation operator 

The sign (— is the sign of the permutation mapping (9i, 2:1, . . . , i9„, z„) 
to (zi, . . . , 2;„, 9i, . . . , the sign (—1)" is the sign appearing in (fTTj) for j = n, 
p = 2n. Note that since B is the operator of multiphcation by a (0, n)-form, the 
only trace appearing in the alternating sum defining is the trace over and 
it comes with a sign (—1)". Let us calculate ^'„(i3, zi, . . . , The calculation for 
all other permutations is similar and gives the same contribution to the sum over 

Sn- 

*„(B,zi, . . . ,z„) 

= (_i)"(_i)"(»+i)/2 f trno^„{BKs,[d*,zi]K,,---[d*,z,,]KsJdsi---ds^. 

JtA^ 

With our assumption on the metrics, the heat kernel is the standard heat kernel on 
C". In this case, 

where l denotes interior multiplication. Thus Ag is —4 times the standard Laplacian 
and the kernel of Kt is 

Now [9*,Zi] — —Ld/dzii which commutes with Kt- The heat operators combine 
to ■ ■ ■ Ks„ = Kt, since = t on tA„. The product (-tg/ozj ■ ■ • {-i^d/dz„) 
acting on the basis dzi A • • • A c?z„ gives (—!)"(— Let us write B = 
b{z)dzi A ■ ■ ■ A dzn- Then we obtain 

^'„(B,zi,...,z„) = {-'^T I b{z)tic'-ktiz,z)\dz\ dsi ■ ■ ■ dsn 

JU JtAr, 



(-l)"r 



b{z)\dz\. 



u 



n'.TT'' 

The standard volume form \dz\ is 

\dz\ = {-2iydzi Adzi A ■ ■ ■ Adzn Adzn 

= (-2i)-"(-l)"("-i)/2^zi A • • • A dz„ AdziA---AdZr, 
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Thus b{z)\dz\ = (2i)-"(-l)"("+i)/2pQc;p^ . . .c;p2„. Inserting this in the formula 
(fT2|) gives the formula that had to be proved. 

Appendix A. Triangulations and signs 

Let T be a smooth finite triangulation of the oriented d-dimensional manifold 
X. Let o'ao,...,Qp C X denote the simplex with vertices ao, . . . , ap. It is the image 
of the standard oriented simplex Ap = {t G [0, 1]^*+^ I — 1} sending the «-th 
vertex with = 1 to ai and thus comes with an orientation, for which 

p 

(13) d(Tao^...,ap ^ y^(~l)^0-ao,...,a,,...,ap- 

The cells of the dual cell decomposition T* of X (see fTB]) are in one-to-one cor- 
respondence with the simplices of the triangulation. The {d — p)-cell Cag^,,,^ap 
intersects only the p-simplex (7ao,...,aj, and meets it transversally in exactly one in- 
terior point. Let us orient the cells by the condition that the intersection index is 
one: 

This means in particular that the top-dimensional cells Ca have the same orienta- 
tion as X. With this convention both Ca(,,...,ap and <7ao,---,ap change their orienta- 
tion under permutation of the indices according to the sign of the permutation. 
If Cp is a p-cell of T* and c'j^^p_^_^ is a (d— p-f l)-cell of T, we have 

By combining this equation with and (|14p we obtain the formula for the bound- 
ary of dual cells: 

(15) 5^0....,^. = (-l)'+^EC/3,oo....,«„ 

with summation over all /3 such that f3, ao, ■ ■ ■ , ctp are the vertices of a simplex of 
the triangulation. 

Appendix B. Heat kernel estimates and asymptotic expansion 

In this section, we show the existence of the asymptotic expansion in the defini- 
tion of the JLO-cocycle (see Proposition lG.ip . In the first subsection, it is shown that 
the integrand in the definition of the JLO-cocyle is smooth for s S [0, Ij^"*"^ \ {0}. 
In the second subsection, we apply this result to compute the asymptotic expan- 
sion. In particular it will follow from this computation that ^'j, is well defined and 
continuous in the operators Dq, . . . , Dp. 

B.l. Heat kernel approximation. In order to show that the integrand f{s) in 
the formula for "ifp is smooth for s E [0, 1]^"+^ \ {0}, we need some estimates for 
the approximated heat kernel. We recall from |2] the notions of a generalized 
Laplacian and the corresponding heat kernel. A generalized Laplacian H acting on 
sections of a vector bundle £ over a d-dimensional Riemannian manifold {X, g) is 
a second-order differential operator, which in local coordinates can be written as 
H = — X]fj=i g^^didj + first order terms. It is easy to verify that Ag = Bd* -\- 8*8 
is 4 times such a Laplacian if we set £ — E ^ K'T*''^'^'^ X . Therefore we may 
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directly use the results about the heat kernel from [2j considering X as a smooth 
2ri-dimensional Riemannian manifold. 

We write D£{X) for the space of smooth differential operators acting on smooth 
sections r{X,£) = ©17°'-' (X). T{X,£) is a locally convex space where the norms 
are the C'^-norms. These norms can be constructed by choosing a finite open cover 
of coordinate neighbourhoods of X. We then consider a cover of X of compact 
sets that are slightly smaller than the previous open sets. The C'^-norms are then 
defined by the sum of the C'"'-norms on the compact sets and with respect to the 
corresponding coordinates. Furthermore we can assume that the C'^-norms on 
r{X,£) are increasing, i.e. \\<j)\\k < ||0||^ for k < £. 

The spaces ^^{X) C De{X) of differential operators of order j are spaces 
of sections of a certain hermitian vector bundle over X, and so one can define 
increasing C'^-norms on them in a similar way as above. Then T)£{X) is an LF- 
space which is the strict inductive limit of ^^{X), see, e.g., [20] . 

For two vector bundles £i and £2 over the manifold X, we denote by £1 Kl £2 
the external tensor product which is a vector bundle over X x X . The heat kernel 
kt{x, y) is a family of sections fcf G T{X x X,£ ^£*) defined for i > which is 
with respect to t and with respect to x and solves the equation 

dtkt{x,y) + Agktix^y) = 

with initial condition lim fct(x, y) — S{x — y) where 6 is the Dirac distribution with 

respect to the Riemannian density on X. The heat kernel exists and is unique. 
There is an approximation to the heat kernel kf {x, y) of the form 

N 

k^{x,y) - (7rO-"e-''(-'^)'/*5]fM'.(:E,2;) 

1=0 

where d{x,y) is the geodesic distance and ^i{x,y) are linear maps £y £x de- 
pending smoothly on (x, y) and with support in the set where d{x, y) < s for some 
fixed e which can be chosen arbitrarily small. Furthermore ^o{x, x) is the identity 
and the maps can be chosen so that the following theorem holds: 

Theorem B.l. Let here \\ . \\i be -norms for sections in the bundle £ M £* . 

(i) k^ approximates the heat kernel kt in the sense that 

\\dr{kt ~ k^)\\i = 0(iJV-n-£/2-r„^ fort^O. 

(ii) k^ is an approximate solution of the heat equation such that the remainder 
r^{x,y) :— {dt + Ag)k^ {x,y) satisfies the estimates 

lia^f II, < ct^-r^/^-k-i/2 

for some constant C depending on I and k. 
Proof. See [2], theorem 2.23 or 2.30 for part (i) and theorem 2.20 for part (ii). □ 
Remark B.2. For any E M° we have 

•foiDo) := [StiiDoK^)]- = [Str(Doi^t)]- • 

This follows directly from the estimates about the approximated heat kernel in part 
i) of the above theorem. This remark will be generalized for '^p, p = 0, . . . , 2n in 
remark IB. 121 
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We define the operator Kt on smooth sections (p G r{X,£) by 

(16) {Kt'p){x) = / kt{x,yMy)\dy\g 

Jx 

where \dy\g is the Riemannian density on X. (/?(:= ifj 95 is a solution of the heat 
equation 9t(/3t + Ag(/3j = with initial condition lim Lpt = ip. In the same way, we 

also define the operators Kf that correspond to the approximated heat kernel fcf . 
We also set Kq = K^ = Id. 

The operator Kt satisfies the following estimates: 



Lemma B.3. We write ||.||£, ^ > /or the C^-norms on T{X,£) or D£{X). Fix a 
6 > small enough. Then for each £ and each of the following inequalities there is 
a constant C so that for all s, s' £ [S, 1] and t € [0, 1], 

(i) \\K^ip-ip\\e<CMe+iVi 

{ii) \\K^^-K^,p\\,<CM,\s~s'\ 

(m) |l/^f¥.||,<C||^||o 

{iv) ||i^i^o^^||, = ||I?^||, <C|1D|1,|1^|U+, 

for every differential operator D G D£{X) of degree d. 

Proof, (i) The proof is essentially the same as for the first part of Theorem 2.29 
in [2]. We consider the formula (fT6|) for K^ip, change to exponential coordinates 
for y (y ^ exp^ y) and write 1^9(2;, y) := (^(exp^ y) and "^j{x, y) = j{x, exp^ y), in 
the latter case with a slight abuse of the notation. We may assume that e in the 
definition of is smaller than the injectivity radius of the exponential map, so that 
the previous change to exponential coordinates in well defined. The substitution 
y = \ftv leads to 

{K^^-p)(x)^^ f e-ll'""' [^tJ*j(x,Vtw)(^(x,Vt«)p(x,V<w)-(^(a;,0) I 
Tlx / 

where we used ^ Jj, x ^ ^ 1' pi^iV) '■— \/ dct(expj g{y)) is the factor 
coming from the Riemannian density. As j{x, y) — for \\y\\ > e, it is a compactly 
supported function on TX . For > 0, it is therefore clear - by taking the supremum 
over y - that t^'i'j{x,y)(p{x,y)p{x,y) is bounded by a constant times \/t||(p||o. For 
j = 0, we write f{x,y) = 'i>a{x,y)(p{x,y)p{x,y). As f{x,0) = p{x,0), we get by 
the mean value theorem for the f°-term 

[ ve-^^"^^' dyf{x,Vt'v)Vidv 

for some t' e [0,t]. This expression is bounded by a constant times -v/iUcpHi and 
the claim follows in the case £ — 0. For £ > 0, we use the same arguments, but the 
function f{x,y) is replaced by d^f{x,y) where la] < £. 

(ii) is an integral operator with kernel with C^-dependence on s for s > 0. 
Therefore the mean value theorem tells us that 

\d^k^{x,y)-d^k^{x,y)\< sup \dsd^k^ {x,y)\\s - s'\ 

se[s,i] 

from which the claim follows. 
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(iii) Is obvious as the kernel is smooth in x for all s £ [6, 1] . 

(iv) Also obvious. □ 

By iterating the above lemma, we find the following estimate: 

Lemma B.4. Let Di G ©^(X) be differential operators of degree di, i = I, . . . ,m. 
Fix a d > and a set I C {I,...,m}. Let s,; G [0, 1],sJ = for i G / and 
Si, s[ G [5, 1] for i ^ I . Then there is a constant C and an L < £ + m + i ■^^ 
that 

<c\M 

Proof. Using the triangle inequality and Lemma IB. 3| we find 

's'=0 

< Cy/^\\(pi\\i+d+i\\D\\i + C\\lpi - (p2\\i+d\\D\\e 
C\s - s'\ \\D\\e\\^i\\Q + ~ 'fi2\\o\\D\\e . 
The proof is straightforward by induction on m. □ 

Lemma B.5. The function f{s), which is the integrand in the definition of ^'p, 
is continuous for s G [0,1]^"*"^ \ {0}. In particular the integral over tAp in the 
definition of^p (see Proposition \6 . 1\) is well defined for t G (0, 1]. 

Proof. An operator D on V{X, £) with continuous kernel D{x, y) G T{X x X, £^£*) 
is of trace class, and the supertrace can be written as 

n 

Str(i?) = ^(-l)'=Trao..(x£)P) 

k=0 
n 

k=Q 



1) / i'^E^(>S,AO.''(T.^X) Dix,x)\dx\ 



X 



For the integral over tAp in the definition of ^'p to be convergent, it is sufficient to 
show that the function /(s) Sti{DoK^^[d* , Di]K^^ ■ ■ ■ [d*,Dp]Kf^) is continuous 
in s for s G tAp. As the heat kernel fc^ is with respect to Si for Si > 0, this is clear 
except for points on the boundary of tAp. For a point s' G tdAp, let / be the subset 
of {1, . . . , ?i} so that = <^ i G / and take a (5 > so that s'^ > S Vi ^ I . As there 
is at least one i ^ I and as the trace is cyclic, we can w.l.o.g. assume that p ^ I. 
To simplify the notation, we set As^,„,^_, = DoKf^[d*,Di]K^^ ■ ■ ■ [B* , Dp_i]Kf^_^ 

and ~ [d* , Dp]K^ . We write the supertrace as 



StiiDoK^,---[d*,Dp]K^J= ^ (-1)'^ / {v^\A,,,...s^_,{x,y)Bs^{y,xM)dx 



dy 



where {wf } for fixed k and i — 1, . . . ,ik is a. basis for E (g) A'^-'^{TxX). Now we 
consider ^so...sp_i as operator acting on (ps^ ■— ( • , x)v where x £ X and v E £x 



24 



MARKUS ENGELI AND GIOVANNI FELDER 



are considered as parameter. Then we get by the triangle inequality and Lemma 
lElthat 

<ci J2 J2 \4~sA\\ipsj\L + cys,~vs'^ 

\tel\{p} ^^IU{p} J 

where C — C\\ Dq \ \ l 11^= i 1 1 [^* ; -^j ] I U • We use the mean value theorem and find 
W^Ps - 'Ps'Wl < \s - s'\ sup \\Bui- ,x)v\\l+i 

(x,„)e£,||i,||<i 

<C\s^s'\\\[d*,Dp]\\L+i. 

As the integral of the trace is over a compact set, we have shown that / is continuous 
in s for s G tA and 

(17) |/(.) - /(.')l < C ( ^ + ^ - sA f[ \\D,U+, 

Vie/ it^i ) j=o 

□ 

Proposition B.6. The function f{s) (see Lemma \B.5]) is k-times continuously 
differentiable for s G [0, 1]^+^ \ {0} and N — Nk large enough. 



Proof. The proof works in exactly the same way as in the previous lemmata (jB.3| 
IB.4| IB.5|) . We generalize the estimates in Lemma FB.SI bv adding time derivatives: 
Fix a (5 > and assume s, s' S [S, 1] and t € [0, 1]. Then for each £, m and each of 
the following inequalities there is a constant C so that 

ii) WdTK^v - (-Aa)"VIU < c M\2m+,+i Vt 

{^^) llCi^f - d:?K^^\U < C Mo \s s'\ 

M \\dTKf^\u<cMo 

{iv) ||(-Ag)"i?<<^||, = U-A^rD^W, <CMe+d+2m 

where ||.||£, ^ > are C^-norms on T{X,£), D£{X) respectively. We only prove the 
first estimate as the others are easy to show (see Lemma fB.Bj) . Recall from Theorem 
EUthat the remainder rf = (5f + Ag)fcf satisfies \\d!^r^\\e < ct^-k-{n+e)/2 _ gy 
the iterated application of dtk^ — — Agfcf' + , we find 



ar^f = (-Aa)"fcf + J2 (-Ag)"-i-^a^f 

and hence the estimate 

m— 1 

liari^f ^- (-Ag)"i^f ^11, < J2 W^r'^'dir^^w, 

3=0 

< ||A;;^-i-^||,||a^f ||,+2(™-i-,)ll^llo < qi^||oi^-"+^-("+^)/^ 

3=0 
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We require N to be large enough, namely N > "'^^ ^ + m. On the other hand we 
have the estimate 

The estimate (i) then follows by the triangle inequality. 

Using the above estimates, it is now straightforward to generalize Lemma [6.41 to 




which is true for some L < £ + X^il*^* + 2mi) + 1. Then we see as in Lemma [B. 51 
that the partial derivatives of /(s) up to degree fc are continuous. □ 

B.2. Computation of and power counting. In this subsection, we explain 
an algorithm to compute which will lead to the result summarized in the fol- 
lowing proposition: 

Proposition B.7. Let n be the complex dimension of X. Take the operators 
Dq, Di, . . . , Dp as in Provosition \6.1\ We write d for the sum of the degrees of the 
differential operators Dq, [d* , Di], . . . , [9*, Dp] which are defined on a small (see re- 
mark below) open set U G X . Recall that the approximated heat kernel depends on 
the constants N and e. Then for N big enough and e small enough, ^p{Dq, . . . , Dp) 
is well defined and a polynomial in t^^ of degree n — p + [|j . More precisely, for 
N > n — p+ [|J and e < dist(X \ U, supp(Z?o)); where dist means the geodesic 
distance, it is independent of N and e > 0. Furthermore, '^p^Dq, . . . ,Dp) depends 
continuously on Dq, Di, . . . , Dp. 

Remark B.8. The set U in the above proposition has to be small in the sense 
that Lemma IB. 101 holds for any compact subset K C U. For larger U the above 
proposition would still be true with the exception that the upper bound for e would 
need a more careful definition. 

The main idea of the computation is to "move" the operators [d* , Di] in the 
formula for 'i'p (see Proposition 16. ip to the left and to use a saddle point approx- 
imation for the heat kernel integrals. As a preparation for this computation, we 
formulate the following three lemmata: 

Lemma B.9. Let U d X be a open subset of X so that the exponential map w.r.t. 
any point in U and restricted to the preimage of U is a diffeomorphism. Assume 
that Xi,X2 G U, then (in local coordinates) there is a smooth matrix valued function 
a{xi, X2) so that 

d d 
- — d[xx,X2f = a{xi,X2)^ — d[xi,X2f ■ 
0x2 0x1 

Proof. We construct such a map explicitly: We introduce the coordinates {x, ^) — 
(a;i,log^^ 0:2) and (y,??) = (0:2, log^^ xi). Obviously |^| = d{xi,X2) = hi- Therefore 
we find 

d x2 CIS, d 2 di dr\ d 2 dr\dxx d 2 

^^d{x„X2) -Q^^^^Q-r^H -d^,Yi^d^,d{xx,X2) . 

As the exponential coordinates are smooth coordinates, the lemma follows. □ 
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Lemma B.IO. Let K C X he a sufficiently small compact neighbourhood of any 
point, so that the exponential map w.r.t. any point in K and restricted to the 
preimage of K is injective. Take xi,X2,xs e K and si,S2 S (0,1], then for fixed 
xi,xs,si,S2 the function 

Uy. \ _ '^(3:1,3:2)'^ d{x2,xs)'^ 

has a unique minimum in the point x that lies on the geodesic through x\ and x^ and 

satisfies d{xi,x) / si = d{x^,x) / 32- We choose exponential coordinaies ^ = log^ a;2 
and expand f in the point x. This leads to the following expressions for f: 

f{X2) = ^^^il^ + ( ^ + ^ ) Gij{suS2,XuX2{0,X3)ee 
Sl + S2 

\2 



d{xi,X3y 



1 








1 






^ S2 



+ [ 1 Gij{si,S2,Xi,X,X3)C^^ 



S1+S2 

+ Gijk{si,S2,Xl,X2{^),X3)C^^^'' 

for smooth functions dj and Gijk- The matrix Gij{si, S2, xi, X2, X3) defined and 
bounded on ([0, 1]^ \ {0}) x is positive definite and there is a constant C > so 
that the smallest eigenvalue of the matrix is greater than C for all xi,X2,X3 G K 
and si,S2 € [0,1]. Furthermore Gij is homogeneous of degree in Si,S2 and we 
have Gtj{si,S2,Xi,x,X3) S^j for \xi - xsl 0. 

Proof. If X2 is not on the geodesic between xi and X3, it is easy to see that there is 
always a point on the geodesic for which one term of / has the same value and the 
other one is smaller. For X2 on the geodesic wc have d{xi , X2)+d{x2, X3) = d{xi , X3) 
from which d{xi, x)/ si — d{xj,,x) / S2 follows. The critical point x of the smooth 
function 5152/(2:2) is a smooth function of .xi, .T3, si, S2, homogeneous of degree 
zero in si,S2, as long as the Hessian is nondcgonerate, which is the case if K is 
small enough and si/[s\ + S2) G (— ei, 1 + £1) for some ei > 0. The expansion of / 
is just the Taylor expansion (with remainder) in the point X2 = x. This gives 

Gij{Si,S2,Xi,X2 (0,2:3) 

= ; / - u)^-^^{s2d{xi,exp^{r]))^ + sid{exp^{r]),X3f)\n=uidu. 

Sl + S2 Jo Cfq'OT]-' 

Prom this expression we see that Gij is homogeneous in s and is smooth for Si/(si + 
S2) G (—£1, l + si), x — l,X3 G K. In particular it is a bounded continuous function 
on ([0, 1]2 \ {0}) X K^. 

For a Euclidean metric it is an application of the law of cosines to show that 
Gij = Sij. By rcscaling Xi Xxi and taking into account that d{Xxi, Xxj)/ X 
\xi — Xj I for A — > 0, we see that Gij{si, S2,xi,X2,X3) 6ij if — a;2| + |a;2 — a;3| ^0. 
Therefore also Gij{si,S2,xi,x,X3) 6ij for \xi — aJsl — > 0. As is small, we are 
still close to the Euclidean case and therefore Gij — 5ij is small, from which the 
existence of C follows. □ 



Lemma B.ll. (Asymptotic expansion under the integral) We write [f(t)]t for the 
asymptotic expansion of the function f in the variable t in t = 0. In the following 
cases we are allowed to interchange the asymptotic expansion and the integration: 
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(i) Let f : [0, 1]^+-'^ \ {0} —> <C be a smooth function and assume that there 
is an n Cz N so that F{s,t) := t"'f{st) can be continued to a function in 
C°°{Ap X [0,1] fl Then 

fist)ds] = / [f{st)]tds. 



(ii) Let K,Gij,Gijk,x,X2{0 ^.^ ™ Lemma \B.1(K Let H : M?" —>■ C be a 
smooth function with support in a small neighbourhood of the origin. We 
abbreviate dj := Gij{si,S2,xi,x,X3), G'jj(^) := Gij{si,S2,xi,X2iO,X3) 
and GijkiO := Gijkisi,S2,xi,X2{0,X3). Then 



where a is any positive constant. 

Proof, (i) As [f{st)]t — t^'"'[F{st)]t, it suffices to show that we can interchange the 
integral and the asymptotic expansion for F. Because F is smooth, its asymptotic 
expansion is given by the Taylor series and we have to show that in the following 
expression the limit and the integral are interchangeable: 

lim/ ^(^'^)"^togM^.^)^Vfc! ^^„^ 



This is true because the integrand is dominated by sup |9f^^F(s, t)\/{l + 1)! 

tG[0,l] 

(ii) As in part (i) , we consider the remainder of the Taylor expansion; 



{d/dVtY' 



m! 

^ a! rj=Vti 

\a\—m 

As H has compact support, we can estimate this by 
According to Lemma FB.IOI there is a constant C, so that 

G^jce + G^jkiVtoee^^Vt - G^^iVtoce > cuw^ , 

for all ^ such that ^/t£_ is in the support of H. Thus it follows again by the dominated 
convergence theorem that the asymptotic expansion and the integral commute. □ 

Proof of Proposition B.7\ We write Latin letters for indices in Nq and Greek letters 
for multiindices in Nq". 

We consider again the function /(s) := StT:{DoK^^[d* , Di]K^_^ ■ ■ ■ [d*,Dp]K^J. 
As we are going to show, the asymptotic expansion of f{st) w.r.t. tint — O exists, 
has lowest order — n — [|J and the coefficients are smooth functions of s G Ap. 



^By "(7°° on a closed set" we mean that every derivative exists in the interior and extends 
continuously to the boundary. 
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Therefore the function F(s, t) :— t"+Lf J f{st) is sniootf0 and we can apply Lemma 
EIl](i): 

To compute the asymptotic expansion of f{st), wc consider the kernel 

Recall that Dq has compact support K C U C X where U is an open set (see also 
Proposition [O]) • As {xi,Xi+i) vanishes for d{xi,Xi+i) > e, there is a e > so 
that {p + l)e is smaller than the geodesic distance between K and X \ U. Then in 
the above kernel only the values of terms inside a compact subset of U play a 
role and therefore it is well defined. We assume that is small enough to apply 
Lemma IB. 101 

We want to "move" the operators [d* , Di] to the left. First just consider a term 
K^^DK^^. We may assume that D in local coordinates has the form p{x)d" where 
suppp C K^. Explicitly, the above term is given by the integral 

g-d{xi,X2)^ /si I g-d[x2,X3)^ / S2\ 

s\si^,{x^,X2) P{x2)d'^, ^0{X2,X3) — — \dx2\g . 

^ Q<'i,j<N \ I) \ \ 1) I 

We write |(ix2|g — a{x2)dx2 and integrate by parts to bring the ^"^-operator to the 
left. Then we make repeatedly use of Lemma [B.9I to "replace" the X2 -derivatives 
by a; 1 -derivatives, i.e. we use an identity of the form 

ga^^~dixr,X2f/sr ^ ^ /l^j,^ (xi , Xa)^?^ e^'^^^i'^^)'/"!, 

which holds for some smooth functions ^1/3,7. Writing down again the integral, we 
find an expression of the form 

-d(xi,X2)'^ /si—d{x2,X3y /S2 

-'V2 

' - - ■ ■ ~i ( TT.Si I'M TT.So I" 

0<i,j<N a'<a 

where Hi^^a' are smooth functions. If we apply the above procedure to shift all 
derivatives in the expression DqK^^ . . . [d* , Dp]K^^ to the left, we get 

(18) / 2^ 2^ s^g^,„(a:o,...,Xp)0° dxi...dxp. 

■^^^ h\<N\»\<d ^''''0^ ■■■(T^Sp) 

We omitted the terms for which I7I := Y^^Zi Ij > -^i but we will see later that 
they would only produce (irrelevant) terms of higher order in t. We rewrite the 
exponent in the above expression using Lemma IB. 101 repeatedlv: 



f ^ ^-d(xi,X2)'^ /si-d{x2,X3y /S2 

Z2 Z2 s\4H,^,,^,{xuX2,X3)d^^ /,„ w dx2 



y-' d{xj,Xj+i)^ _ d{xo,Xp+i)'^ 



. „ Sj So H h Sp 



^ / 1 1 \ 

\ \ \ G.y(so-l 't st-i,si,xo,xt,xt+i)£,l^l, 

^ V^O + \- Sf-l 



■^From Proposition IB.61 follows that F is smooth for (s,t) G Ap X (0,1]. The existence of 
the asymptotic expansion shows that its derivatives can be continued to t = 0. Hence F € 
C°°(Ap X [0,1]) 
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where — In^^ xi, xe — xe{xe-i, xe-^i). Now we change to the variables in the 
integral and rescale i-^ v^C* '^^gH so that {sq, . . . , Sp) G Aj,. We 

temporarily forget the last term in the exponent and suppress the arguments of 
Gy : 
(19) 

where the Jacobi determinant has been absorbed in Hj^a- Due to Lemma IB. Ill 
ii) we are allowed to expand asymptotically w.r.t. ^/t under the integral. Keep in 
mind that xe = expg^(\/t^f) so that the arguments of H^^a as well as of Gij depend 
on y/i. In the expansion of the exponent, there will be singular terms in s, namely 
powers of the factor 

1 ^ J_ _ gp H \-st 

So 4 h s^-i se (sq H h S(?-i)s£ ' 

but as these factors only appear paired with , the singularities cancel as we see 
in the following computation. After the expansion we have to compute integrals of 
the form 

Jts,x \ (so H + Si) J 

where Cp{s, x) is a smooth function, homogeneous of degree in s, vanishing unless 

= ^ /3i is even. Terms with \(3\ even correspond to even terms in the asymptotic 
expansion in powers of ^/t. Therefore we actually have an asymptotic series in t. 

We repeat the above steps for ^2, ■ ■ ■ , Cp- As 

-TT (sQ + Si H h S(-l)s( _ SgSl . . . Sp 

fj-^ So + Si H h Si So + Si H h Sp ' 

the singularities from the denominator in equation (|19p disappear, and we get 
{DoK^,„---DpK^Jixo,Xp+^) 



d{xQ ,a;p-|-i) 



\a\<dk=0 

for smooth functions fk ■ Ap x K x ^ C Remember that 
/(s, t)= [ (i^o^tl • • • DpK.'i Kxo, xo)dxo . 

JK 

The integral over xq £ K and the asymptotic expansion commute for the same 
reason as in Lemma IB. Ill We see in the above formula that the negative powers in 
t are only produced by the derivative d" . As lim d{xo,Xp)'^ = for |q;| = 1, 

° Xp^Xo ° 

we need at least two derivatives to get a negative power in t. Thus the negative 
power is at most [-^J . 

In formula (fT8|) . the coefficient functions of the operators Dq, Di, . . . , Dp have 
been absorbed in the function H^^a- It is easy to check that they enter linearly and 
with derivatives of order at most d, which is the sum of the degrees of the differential 
operators, in this function. After formula (fT9|l when we do the expansion, we get 
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an additional derivative for every order of \/t. Therefore the coefficients of only 
depend on finitely many derivatives of the operators Dqj ■ ■ ■ ■, Dp restricted to 
the compact set that was mentioned in the beginning of the proof. This means 
that we can estimate by a product of C'^-norms over the compact set of the 
operators Di. As the operators Di, . . . , Dp are holomorphic and actually defined 
on an open set containing K^, we can use the Cauchy integral formula to estimate 
their C'^-norms by the sup-norms over a compact set that is slightly bigger than 
Kg. This shows that '^p is continuous in the operators Dq, . . . , Dp. □ 

Remark B.12. If we replace in the formula for ^'p one of the approximated heat 
kernels fc^ by the exact heat kernel k, the c?x-integral still is over a compact set. 
Thus we can choose e small enough so that the formula for is still well defined. 
From the above proof it is also clear that this procedure doesn't change the value 
of ^p. 
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